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Abstract This article presents a study on the dynamics
of lateral motion of a liquid meniscus confined by a pad
and a chip moving parallel to the pad. This problem is a
typical flip-chip case study, whose use is widespread in
industrial assembly. The proposed model describing this
dynamics is built upon two coupled physics: the Navier–
Stokes equation governing the liquid flow between the
pad and the chip, and the Newton’s law describing the
motion of the chip. This coupled problem is solved with a
spectral method based on Chebyshev polynomials, by
assuming a linear analytical expression of the lateral
stiffness of the meniscus in the cases of circular and
square pads. The theoretical results are benchmarked with
literature results and thoroughly experimentally validated.
From these results, we propose a map giving the char-
acteristic time of the chip dynamics according to
only two non-dimensional parameters, constructed with
the physical (density, surface tension, and viscosity),
geometrical (pad area and gap), or dynamical (chip mass)
parameters of the problem.
Keywords Self-assembly  Flip-chip  Spectral method 
Chebyshev  Surface tension  Damping
1 Introduction
Self-assembly processes for packaging applications are
manyfold. Dry self-assembly (Park and Bohringer 2008),
hydrophillic–hydrophobic interactions (Onoe et al. 2007)
are being employed. Mastrangeli et al. (2009a) reviews
shape matching, magnetic, electrophoretic, dielectropho-
retic, and capillary mechanisms, the latter one falling into
two categories. The first category is the fluid-driven cap-
illary self-assembly, which has the advantage of accurate
self-alignment, and the second category is the molten sol-
der-driven self-assembly, which allows mechanical and
electrical connections simultaneously. This article concerns
both capillary mechanisms.
In the field of 2D positioning, Boufercha reported self-
centering by translation of components (Boufercha et al.
2008) while (Sariola et al. 2008; Tsai et al. 2007)
reported on rotational self-positioning as well. Theoreti-
cally, these systems evolve toward minimum energy
configurations which correspond to the desired positions,
defined by the patterns on a substrate (see Mastrangeli
et al. (2009b) for a study on patterned substrates coating
for fluidic self-assembly). Unfortunately, imperfections
such as, e.g., contact angle hysteresis lead to positioning
errors. Therefore, Abbasi et al. (2008) proposed to add
mechanical vibration to get loose of any local energy
minimum and move toward the desired equilibrium
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position. Saeedi et al. reviewed the use of molten alloy-
driven self-assembly at nano- and micro-scale (Saeedi
et al. 2006) in various application domains: forming
metal contacts at nanoscale, 2D self-assembly, and also
3D self-assembly of freestanding components. Interest-
ingly, they provide a database of physical properties of
molten alloys such as surface tension and melting tem-
perature. It is worth to note that the viscosity is not
thereby mentioned; hence the characterization of the
dynamics has not been taken into account. Many fluidic
assembly case studies have been studied: micro-electro
mechanical systems packaging (Fang 2006), 3D micro-
opto-electro-mechanical systems [where, e.g., a mirror
patterned in-plane is rotated out-of-plane thanks to sur-
face tension actuated hinges (Hong and Syms 2006)],
arrays of optical fibers onto an optical chip [with mis-
alignment claimed to be in the order of 1 lm (Avital and
Zussman 2006)], RFID microchips (Tsai et al. 2007).
Even biological samples such as drosophila embryos have
been self-assembled on patterned sites (Zhang et al.
2005). According to (Zheng et al. 2004), self-assembly,
based on geometrical shape recognition and subsequent
binding to form mechanical and electrical connections,
provides a route to non-robotic parallel assembly of
electrical functional hybrid microsystems in three
dimensions. Nevertheless, the core application of capil-
lary self-assembly for this purpose comes from the pick-
and-place assembly of surface mounted devices (SMD)
components, or from flip-chip. In pick-and-place, a
component is placed on a solder paste deposited through
a stencil on the substrate. During the reflow phase of the
process, the solder is molten which, on the one hand, can
provide the final positioning but, on the other hand, leads
to misalignment due to a temporary loss of binding
stiffness. In flip-chip, solder pasted bumps between two
wafers ensure the electrical connections between one
another: the final alignment of the wafers also requires
the reflow phase, leading to similar issues.
Consequently, beside applications, the capillary self-
assembly process needs to be (and has already been)
modeled. This article reports on the modeling and
experimental study of the dynamical lateral behavior of a
liquid meniscus. Section 2 reviews existing models, and
presents the coupled physical equations to be solved.
Section 3 explains how to approximate the lateral stiffness
of a meniscus in the cases of circular and square pads.
Section 4 presents the solution of the coupled problem
achieved by means of a spectral method based on
Chebyshev polynomials. Experimental materials and
methods are presented in Sect. 5, while results are
described in Sect. 6. Finally, conclusions are drawn in
Sect. 7.
2 State of the art and definition of the problem
Most modeling works are quasi-static, i.e., based on surface
energy minimization to find the equilibrium positions of
the system, and on energy gradient to compute restoring
forces (Lin et al. 1995; Bohringer et al. 2004). For small
displacements, an analytical model to estimate the lateral
restoring force developed by a meniscus between two
square pads is sketched in (Tsai et al. 2007) (see details in
Sect. 3.3). Nevertheless, most of these studies does not
address dynamical aspects such as characteristic damping
time and resonance frequencies.
In this direction, van Veen (1999) derived analytical
relations to model both the axial compressive motion and
the lateral motion (Fig. 1). Kim et al. (2004) proposed a
study on dynamic modeling for resin self-alignment
mechanism. As the authors used a material with a low
surface tension such as liquid resin, they claimed the
alignment motion to be different from the oscillatory
motion of the solder described by van Veen (1999).
Recently, Lin et al. compared 2D numerical results with
experiments (Lin et al. 2008). To solve these motion
equations, these authors used the CFD-ACE? package
making use of an iterative algorithm alternating one time
step resolution of Navier–Stokes equations (and the con-
tinuity equation) with one time step resolution of the
structural mechanics equations (Lin et al. 2008). The
authors observed a good match of their 2D simulation to
experimental data in case of fluid meniscus aspect ratios
larger than 3.
Finally, Lu and Bailey (2005) predicted the dynamical
behavior of a chip in flip-chip alignment, whose dynamics
is governed by the following Newton’s law:
m€x ¼ kðxÞx  c _x; ð1Þ
where k(x) is the lateral stiffness of a meniscus linking a
circular pad and a circular substrate, and the viscous force
c _x is applied by the viscous stress on the chip. The lateral
stiffness was computed with Surface Evolver and found to
be almost constant, while the viscous force c _x ¼ gS ouoy jy¼h
was computed from the liquid flow between the chip and
the pad, governed by the Navier–Stokes equation (g is the
dynamic viscosity of the liquid, S is the area of the chip in
contact with liquid, u is the velocity along x-axis, and y is
the coordinate perpendicular to the chip):
q
ou
ot
 g o
2u
oy2
¼ 0 ð2Þ
The coupled problem defined by Eqs. 1, 2 is thus
described by two unknowns: first the position of the chip
x(t), and second the velocity profile inside the meniscus
u(y, t).
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The first equation (1) is associated with the following
initial conditions (d is the initial elongation):
xðt ¼ 0Þ ¼ d ð3Þ
_xðt ¼ 0Þ ¼ 0 ð4Þ
while the initial and boundary conditions for the second
equation (2) are:
uðy ¼ 0; tÞ ¼ 0 ðno slip conditionÞ ð5Þ
uðy ¼ h; tÞ ¼ _xðtÞ ðcoupling termÞ ð6Þ
uðy; t ¼ 0Þ ¼ 0 ðzero initial velocityÞ ð7Þ
To decouple the equations of this problem, Lu and
Bailey solved this problem by assuming a linear velocity
profile uðy; tÞ ¼ ðy=hÞ _x: They also considered the
application of a constant force along the top surface of
the meniscus to compute the velocity profile. Their
developments led to several response times: they showed
that considering the chip dynamics only, the pseudo-period
of the oscillating motion was of the order of 3.77 ms (using
the underlying assumption of a linear velocity profile). On
the other hand, they also showed that the characteristic
time required for the velocity profile to become linear was
of the same order of magnitude (5.3 ms). Therefore, they
concluded that both physics (chip dynamics and fluid
dynamics inside the meniscus) were strongly coupled and
should be solved accordingly. They consequently proposed
an iterative scheme including the alternate use of Surface
Evolver to compute the meniscus stiffness and of a CFD
package to compute the liquid flow.
To solve the same problem more efficiently, we hereby
propose to use an analytical model for the lateral stiffness
(Sect. 3) and a resolution based on Chebyshev polynomi-
als, which transform the coupled problem of Eqs. 1, 2 into
the form of a system of constant-coefficients ordinary
differential equations (ODEs).
We finally mention the need to study the other degrees-
of-freedom (dof): beside the lateral motion, it is necessary
to study the axial and tilt motions dynamically. Concerning
the first one and additionally to the study of van Veen,
partial information can be found in Engmann et al. (2005)
(Stefan equation to estimate the axial viscous force) Me-
urisse and Querry (2006) and Pascarella and Baldwin
(1998) (the latter one studied the compression flow mod-
eling). As far as the tilt motion is concerned, we refer to the
work of Kaneda et al. (2007), where use is made of
water and also glycerine (c = 0.0635 N m-1 and g =
0.900 Pa s) to study the oscillation of a tilted circular pad
on a droplet for the self-alignment process. With their
model, these authors estimated the damping ratio and the
oscillating frequencies.
3 Lateral stiffness of liquid meniscus
3.1 General approach
The equilibrium shape of a meniscus is ruled by the so-
called Laplace equation (Lambert 2007) which in the axi-
ally symmetric case is written as a non-linear second-order
differential equation. Except in the case of a cylindrical
meniscus or in the case of the catenoid, this problem does
not have analytical solutions. Nevertheless, analytical
approximations can be found in the case of circular and
square pads. These approximations can be benchmarked
using numerical solutions obtained with Surface Evolver
(Brakke 1992). It will be interesting to note that in both
cases, the stiffness is proportional to half-perimeter of the
wetted chip and to the surface tension, and inversely pro-
portional to the gap. Another way to interpret this result is
to note that the lateral stiffness is proportional to the ratio
of the component size over the gap of the meniscus.
3.2 Circular pads
To estimate analytically the lateral stiffness of a meniscus
confined between two circular pads, we compute first the
lateral area of a tilted cylinder of height h, radius R, and
shift s (also called elongation x in Fig. 2): this means that
the cylinder axis is not perpendicular to both circles but
inclined with an angle / given by tan / ¼ s=h:
r
h
D = 2R
z
r (z)
r0
m
z
m
z kz bz
(a)
m
rh
D = 2R
m
r kr
br
r
(b)
Fig. 1 Axial and radial models used by van Veen (1999). a Axial shift and b radial shift
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The vectorial equation of a point P of this cylinder is
given by:
OP ¼ z1z þ sðzÞ1x þ R1r
¼ z
h
sþ R cos h
 
1x þ ðR sin hÞ1y þ z1z ð8Þ
The lateral area is consequently equal to:
S ¼ R
Zh
0
dz
Z2p
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ cos2 h s
2
h2
r
dh ð9Þ
and the total surface energy of the system is here equal to:
E ¼ cS ¼ cRh
Z2p
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ cos2 h s
2
h2
r
dh; ð10Þ
where c is the surface tension.
The lateral restoring force is consequently equal to:
F ¼  oE
os
¼  cRs
h
Z2p
0
cos2 hﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ cos2 h s2h2
q dh
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
I
ð11Þ
The integral I in the latter equation can be numerically
computed (see the result in Fig. 3) or expressed in terms of
elliptic integrals of the first (EllipticK) and second
(EllipticE) kinds:
I ¼ 4 h
2
s2
EllipticE
ﬃﬃﬃﬃﬃﬃﬃﬃ
s
2
h2
r !
 EllipticK
ﬃﬃﬃﬃﬃﬃﬃﬃ
s
2
h2
r !" #
ð12Þ
Nevertheless, it is interesting to calculate it in our domain
of interest (i.e., for small s/h ratio,
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ cos2 hðs2=h2p Þ  1
in Eq. 11), which gives the following analytical
relationship:
F ¼  oE
os
¼ pRc s
h
ð13Þ
which corresponds to a constant stiffness kc given by:
kc ¼ pRc
h
ð14Þ
The existence of an analytical expression of the stiffness
allows the numerical simulation presented in section 4,
where the advantages of such a resolution will be
discussed.
This formulation has been benchmarked using Surface
Evolver, in the case of r ¼ 50lm; h ¼ 70lm; c =
0.325 N m-1 and a volume of liquid given by V = pr2 h.
The comparison is plotted in Fig. 3. The discrepancy
between the numerical and Surface Evolver results comes
from the fact that the cylindrical geometry of Eq. 8 is not
physically exact, since such a shape does not have a con-
stant curvature.
3.3 Square pads
Tsai et al. (2007) already presented a model to compute the
lateral stiffness of a square pad shifted by a distance s along
one of its edges. This model is based on the assumption of
a prismatic meniscus whose volume is equal to the area of
the square pad multiplied by the gap. In this case, a shift of
the component keeps the volume constant at constant gap,
but the lateral area R of the liquid–vapor interface is
increasing, given by:
R ¼ 2ch þ 2c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h2 þ s2
p
ð15Þ
Consequently, the surface energy E in this problem is given
by:
E ¼ cRþ C; ð16Þ
where C is an arbitrary constant. The derivation with
respect to the shift s leads to the restoring force:
x
h
D = 2R
y
m
u(y,t)
x(t)
Fig. 2 Problem modeled in this work: a moving top pad is linked to a
fixed bottom pad through a liquid meniscus whose velocity profile is
assumed to be described by the horizontal velocity component u only
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Fig. 3 Lateral restoring force and related stiffness of a cylindrical
meniscus: comparison between the Surface Evolver benchmark, the
analytical approximation of Eq. 13 and the numerical evaluation of
Eq. 11 ðR ¼ 50 lm; h ¼ 70 lm and c = 0.325 N m-1). Note that the
‘‘-’’ sign of the force has been omitted here
800 Microfluid Nanofluid (2010) 9:797–807
123
F ¼  2ccsﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2 þ h2p  
2csc
h
ð17Þ
The approximation is consistent with the assumption that
s \ h and consequently s2  h2. To fix the ideas, let us
consider s \ h/10. Note that the force direction is opposite
to the shift. The force derivative leads to the stiffness:
ks ¼ 2ch
2c
ðs2 þ h2Þ32
 2cc
h
ð18Þ
Note well that 2c in this formula is half perimeter of the
pad, which was also the case in the circular pad (pR c/h).
The comparison between Eq. 18 and Surface Evolver is
shown in Fig. 5, where again there is a small difference
between the model and Surface Evolver because the shape
of the Fig. 4 does not have a constant curvature.
4 Coupled problem resolution with a pseudo-spectral
method based on Chebyshev polynomials
The problem described by Eqs. 1, 2 is first normalized
using characteristic length d and time s:
x ¼ d~x ð19Þ
t ¼ s~t ð20Þ
u ¼ d
s
~u; ð21Þ
where d is the initial position of the chip and s ¼ ﬃﬃﬃmk
p
is a
characteristic time of the chip dynamics. The y coordinate
ranging from 0 to h is replaced by ~y ranging from - 1 to 1
ðy ¼ ð1þ ~yÞ h
2
Þ: This leads to two non-dimensional
equations:
€~x ¼ ~x  qSh
2m|{z}
~m1
4ms
h2|{z}
a
o~u
o~y

~y¼þ1
ð22Þ
o~u
o~t
¼ 4ms
h2
o2~u
o~y2
ð23Þ
with the following boundary and initial conditions:
~uð~y ¼ 1; ~tÞ ¼ 0 ð24Þ
~uð~y ¼ þ1; ~tÞ ¼ _~x ð25Þ
~uð~y; ~t ¼ 0Þ ¼ 0 ð26Þ
~xð~t ¼ 0Þ ¼ 1 ð27Þ
_~xð~t ¼ 0Þ ¼ 0 ð28Þ
It can be seen from both non-dimensional equations that
the problem only depends on two non-dimensional
parameters: (i) a = 4ms/h2 the diffusion coefficient and (ii)
~m ¼ 2m=ðqShÞ the mass ratio.
In the following the symbol * has been dropped
everywhere (excepted for the mass ratio ~m) and the
superscript (i) indicates the ith derivative with respect to y.
With these conventions, the unknown velocity field u can
be written as a series of Chebyshev polynomials Tk(y):
uðy; tÞ ¼
XN
k¼0
akðtÞTkðyÞ; ð29Þ
where the series has been found in our case to converge
toward u(y, t) as soon as the order N is equal to or larger
than 11. Indeed, a convergence curve has been computed in
Fig. 6, showing the maximal relative error between the
results obtained with a given N and the results obtained
with N = 25, for several N and reduced viscosity a. As
shown, the convergence is already obtained with N = 4 for
large a. For smaller viscosities, the error becomes negli-
gible as soon as N [ 11.
Chebyshev polynomials introduced in Eq. 29 are known
to show interesting properties (Boyd 2001):
uð1Þ  du
dy
¼ d
P
akðtÞTkðyÞð Þ
dy
¼
X
a
ð1Þ
k TkðyÞ; ð30Þ
h
c
c
s
Fig. 4 Geometrical model used to compute the lateral stiffness of a
square pad
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Fig. 5 Lateral capillary force in case of a square pad with edge c ¼
500 lm; a gap h ¼ 100 lm; a surface tension 325 mN m-1
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where it can be shown that the a(1)k coefficients can be
expressed as:
a
ð1Þ
i ¼
X
D
ð1Þ
ik ak; ð31Þ
where the D(1) matrix is given by:
Dijð1Þ ¼
j if i ¼ 0 and j ¼ 1; 3; 5. . .
2j if i ¼ 1; 2; . . .; N  1 and j ¼ i þ 1; i þ 3; iþ 5. . .
0 in the other cases
8><
>:
ð32Þ
It is also known that the second derivative of the u can
be expressed on a similar way as:
uð2ÞðxÞ ¼
XN2
k¼0
a
ð2Þ
k TkðxÞ; ð33Þ
where the a(2)k coefficients can be computed with:
a
ð2Þ
k ¼
X
D
ð2Þ
ki ai; ð34Þ
where the matrix D(2) = D(1)D(1).
Consequently, the diffusion equation (23) leads to:
_u ¼
XN
k¼0
_akðtÞTkðyÞ ¼z}|{
ð23Þ
a
X
a
ð2Þ
k Tk ð35Þ
whose identification leads to k = 0 ... N - 2 equations:
_ak ¼ a
XN
j¼0
D
ð2Þ
kj aj ð36Þ
The boundary condition (25) allows to write _x as a function
of u:
_x ¼ uðy ¼ 1Þ ¼
XN
k¼0
ak Tkð1Þ|ﬄ{zﬄ}
1
¼
XN
k¼0
ak ð37Þ
which is now used to rewrite the Newton law (22) as:
€x ¼z}|{
ð37Þ XN
k¼0
_ak ¼z}|{
ð22Þ
 x  a
~m
uð1Þðy ¼ 1Þ
¼  x  a
~m
Xn
k¼0
a
ð1Þ
k Tkð1Þ|ﬄ{zﬄ}
1
¼ x  a
~m
Xn
k¼0
Xn
j¼0
D
ð1Þ
kj aj
¼ x  a
~m
Xn
j¼0
Xn
k¼0
D
ð1Þ
kj
|ﬄﬄﬄﬄ{zﬄﬄﬄﬄ}
fj
0
BBBB@
1
CCCCA
aj
ð38Þ
Finally, the boundary condition (24) can be expressed
as:
uðy ¼ 1Þ ¼ 0 ¼
X
akTkð1Þ ¼
XN
k¼0
akð1Þk ð39Þ
and obviously _uðy ¼ 1Þ is also equal to zero, leading to:
_uðy ¼ 1Þ ¼ 0
¼
X
_akTkð1Þ
¼
X
_akð1Þk þ 0|{z}
ð39Þ
¼
X
_akð1Þk þ
X
akð1Þk ð40Þ
This latter condition is rather arbitrary, but it allows to
write the algebraic condition of Eq. 39 into a first order
differential equation which adds an equation to the system
described by Eq. 42. It can be shown that it adds an eigen
value equal to - 1 and an associated amplitude wj = 0 as
used in Eq. 44.
Posing the unknown vector X with N ? 2 unknowns
defined as:
X ¼ ða0 a1 . . . ai . . . aN xÞT ð41Þ
it can be shown that the N - 1 (k = 0 ... N - 2) Eq. 36,
together with Eqs. 37, 38 and 40, constitute a N ? 2
differential equations system, which can be written as:
M _X ¼ AX ð42Þ
with the following initial condition:
Xðt ¼ 0Þ ¼ X0 ¼ ð0 . . . 0|ﬄﬄﬄ{zﬄﬄﬄ}
1Nþ1
1ÞT ð43Þ
M and A matrices are detailed in Tables 1 and 2. This
constant coefficient system of ODEs (42) is easily solved
analytically:
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Fig. 6 Influence of the reduced viscosity a on the convergence curve,
for different N
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Xi ¼
XNþ2
j¼1
rijwje
kj t; ð44Þ
where kj is the jth eigen value, rij the ith component of the
jth eigenvector associated with kj and wj the jth component
of the vector w given by w = V-1X0, and V is the matrix
whose columns are the eigenvectors rj.
5 Materials and methods
The experimental setup is made of two circular pads of
diameter D whose separation distance h can be accurately
adjusted (see Fig. 7). The bottom pad is glued on a trans-
lation stage which can be displaced on a distance e by a
micrometric screw. The upper pad which is glued on the
so-called shuttle can move according to the deformation of
two parallel elastic beams of length L, width b, and
thickness t. When both pads are linked by a liquid
meniscus, the upper pad undergoes an elongation x from
the rest position, allowing the balance of the restoring
elastic force (directed to the left on the figure) and the
lateral capillary force (directed to the right of the figure)
occurring from the shift e - x between both pads.
The bottom pad is carried by a six dof translation stage
allowing accurate alignment, tilt, and orientation. The z dof
tunes the gap h while the x dof tunes the shift. The canti-
levered side of both elastic beams supporting the shuttle
can be precisely moved along the x- and y-axes.
Once the stiffness ksh of the elastic suspension of the
shuttle is known, the lateral capillary force kshe can be plotted
as a function of the shift e - x to determine the slope which
is equal to the meniscus stiffness kc from Eq. 14. The order of
magnitude of the stiffness ksh of the shuttle is 1 N m
-1 and
the accuracy on the micrometric screws is about 1 lm lead-
ing to a force resolution of about 1 lN: This stiffness has been
characterized on the one hand by measuring the resonance
frequency and the mass of the shuttle and on the other hand
by applying a calibrated horizontal force to the shuttle and
measuring its elongation x. From these experiments, ksh is
estimated about 0.94 N m-1 by the first method and
1.06 N m-1 by the second one, leading therefore to the range
ksh = 1 N m
-1 ± 0.06.
In addition to the measurement of the static elongation
from which we deduce the lateral stiffness of the meniscus,
damping properties are deduced from the dynamic response
Table 1 M matrix
1 0 0 0
1 0 0 0
.. 0 0 0
Size N 1 N 1 0 0 0
.. 0 0 0
1 0 0 0
1 -1 .. 1 j .. .. .. 1 N 0
1 1 .. 1 .. .. .. 1 0
0 0 .. 0 .. .. .. 0 1
Table 2 A matrix
αD 200 .. .. .. .. αD
2
0 N 2 αD
2
0 N 1 αD
2
0N 0
αD 210 .. .. .. .. .. .. .. 0
.. .. .. .. .. .. .. .. 0
.. .. .. αD2i j .. .. .. .. 0
.. .. .. .. .. .. .. .. 0
αD 2N 2 0 .. .. .. .. αD
2
N 2 N 2 αD
2
N 2 N 1 αD
2
N 2 N 0
-1 1 .. 1 j .. .. .. 1 N 0
.. .. ..
α
m˜
f j .. .. .. .. -1
1 1 1 1 1 1 1 1 0
x
e
p
h
q(z)z
L
shuttle
D
x
z
Fig. 7 Sketch of the experimental platform: a bottom pad of diameter
D is fixed on a translation stage which imposes to it a displacement e.
The top pad, with the same diameter, is pulled in the direction of x by
the lateral capillary force to be measured and in the opposite direction
by the elastic restoring force of the spring. Since there must be a
balance between the restoring force kx and the capillary force, we can
explore the characteristic force-shift. The gap h can be tuned by
moving the bottom pad vertically, p is a vertical parasitic motion. q(z)
is the deformed shape of the beam at a distance z from the
cantilevered side
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x(t) (in this case, e = 0). x(t) either shows an underdamped
or an overdamped behavior as illustrated in Fig. 8. We fit the
response with either x ¼ Aexpðt=scÞ cosðxt þ /Þ þ B or
with xðtÞ ¼ Aexpðt=scÞ þ B, respectively, and hence
deduce the characteristic time sc. Each experiment has been
repeated three times, and each set of experimental data has
been fitted three times, too. A signal-to-noise ratio is then
built from the ratio of the average sc-mean over the standard
deviation sc-std (values are reported in Table 3).
sc is then divided by the characteristic time s ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
m=k
p
of Eq. 20, to produce sd which is plotted in Fig. 10. Note
that m is here the equivalent mass of the shuttle
(m = 14.8 g) and k the sum of the experimentally deduced
value of the meniscus stiffness and the stiffness of the
shuttle ksh = 1 N m
-1.
6 Results and discussion
6.1 Benchmark
We have benchmarked our method with the theoretical
results of Lu and Bailey (2005) as indicated in Fig. 9 by
superimposing the results of our work on the results of Lu
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Fig. 8 Example of dynamic responses. The elongation x(t) is directly given in V (the voltage output is linearly proportional to the elongation x in
m). Details of experiments 18 and 31 are given in Table 3. a Experiment 31 and b experiment 18
Table 3 In this table, experiments are stacked by liquid ID (see also Table 4)
Exp.
nr
Liquid
ID
a no
unit
~m no
unit
Times Rel. error Oscillations Overdamped/
under damped
sc-mean
(s)
sc-std
(s)
scmean
scstd
(no
unit)
s (s) sd ¼ scmeans (no
unit)
sd(sim) (no
unit)
100
sdðsimÞsd
sd
(%)
34 Dymax 72.6 770 1.749 0.081 21.6 0.097 18.0 42.8 136 Under
16 6 43.2 445 4.396 0.094 46.9 0.108 40.6 42.0 2 Under
17 6 57.8 522 3.523 0.110 32.1 0.105 33.5 37.0 8 Under
18 6 90.8 661 2.306 0.138 16.7 0.103 22.4 29.7 30 Under
19 6 119 777 2.147 0.153 14.0 0.098 21.9 26.6 19 Under
10 1 395 597 0.686 0.070 9.8 0.107 6.3 6.1 - 3 Under
8 7 761 593 0.272 0.012 23.1 0.104 2.6 3.2 20 Under
9 7 2,390 1,030 0.101 0.013 7.7 0.110 0.9 1.7 92 Over
26 7 451 440 0.475 0.010 48.0 0.113 4.2 4.0 - 7 Under
27 7 669 552 0.366 0.007 50.9 0.106 3.4 3.4 - 3 Under
28 7 1,580 855 0.236 0.009 26.8 0.104 2.2 2.2 - 2 Under
3 2 1,700 386 0.254 0.029 8.6 0.110 2.3 1.6 - 32 Over
29 2 2,190 439 0.193 0.010 20.2 0.109 1.7 2.0 17 Over
30 2 2,610 484 0.249 0.008 29.8 0.107 2.3 2.3 - 2 Over
31 2 4,030 609 0.305 0.024 12.6 0.104 2.9 3.0 2 Over
The characteristic time sc is the characteristic time obtained from the dynamic response of the shuttle x(t). As indicated in the text, these data
have been averaged (sc-mean) and the standard deviation sc-std has been used to compute a signal-to-noise ratio, which is shown to be always larger
than 7.7. The characteristic time s ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃm=kd
p
is recalled—-where m is the equivalent mass of the shuttle and kd is the sum of the shuttle stiffness
k = 1 N m-1 and the meniscus stiffness measured in that experiment (not shown here). The column gives sd, the non-dimensional ratio of sc
over s, which is plotted in Fig. 10. sd can be compared with the simulated sd(sim). The last column indicates the experimental damping behavior
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and Bailey (Fig. 9 of their article). The difference is about
4%. The main advantage of the proposed resolution method
is to reduce the computing time drastically while still
keeping the physics coupled (224 couples ð ~m; aÞ can be
computed in 5–10 min), by comparison with the method of
Lu and Bailey using Surface Evolver and a CFD package
for the flow problem. This advantage permits the para-
metric study presented in the next subsection.
6.2 Numerical results
For any couple of parameters ða; ~mÞ; Eq. 44 gives
x(t) = XN?2(t) the position of the plate as a combination of
different modes whose amplitude decreases with time (real
parts of kj are negative). Consequently, the decrease of x
with time is governed by the slowest mode, i.e., by the
mode with the eigen value k whose (negative) real part has
the smallest absolute value. sc is then equal to - 1/k. The
combinatory space defined by a = 40 - 4, 000 (logspace
with 16 points) and ~m = 400–1,000 (logspace with 14
points) has been explored, outputing a grid of 16 9 14
points. The sc at these points have been divided by their
respective characteristic time s ¼ ﬃﬃﬃﬃﬃﬃﬃﬃm=kp and interpolated
with Matlab using the contour function in order to display
the iso-lines of Fig. 10.
6.3 Experimental results
A large set of experiments has been performed, as indi-
cated in Table 3, whose column ‘‘liquid ID’’ points to the
liquid properties given in Table 4. The good signal-to-
noise ratio given by the ratio of the average over the
standard deviation of characteristic time sc is reported.
Missing numbers in the table are experiments that were
discarded because of smaller signal-to-noise ratio, which
would have led to a large scattering of results; they cor-
respond to less viscous liquids, i.e., water (g = 1 mPa s)
and Dow Corning DC200FLUID10 oil (g = 9.3 mPa s),
leading to longer damping times up to 32 s: since u(t) has
not been registered on a sufficiently large period of time,
the amplitude decrease was not large enough to ensure
reliable fit, hence a larger standard deviation. For the other
experiments, we can see in Fig. 10 the fair concordance
between simulation and experimental results. Thanks to
both non-dimensional parameters a and ~m; the map of
Fig. 10 contains all information concerning the dynamical
lateral behavior of a liquid meniscus.
6.4 Analytical expression of the damping time
In addition, it is worth noting that in Fig. 10, sd contour
lines are essentially straight lines of the form:
log10a log10a0 ¼ bðlog10 ~m log10 ~m0ðsdÞÞ ð45Þ
with b = 1.0241, loga0 = 4 and the relationship between
~m0 and sd being expressed as:
log10sd ¼ aþ blog10 ~m0; ð46Þ
where (a, b) = (3.7, - 1) if log10ða 4Þ[ bðlog10 ~m
3:55Þ else (a, b) = (- 3.4, 1) (Fig. 11). Consequently, the
non-dimensional characteristic time sd of Fig. 10 can be
estimated by the following expression in case a[ 10:
Fig. 9 Benchmark of our solution by comparison with Fig. 9 from
Lu and Bailey. For a = 0.18, ~m ¼ 99; d ¼ 10 lm; N = 11, we found
a non dimensional damping time sd = 0.3958, where Lu and Bailey
found sd = 0.3784 (4% difference)
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Fig. 10 Non-dimensional map of damping times, for experiments 3,
29–31 (Oil 2); 10 (Oil 1); 16–19 (Oil 6); 8–9, 26–28 (Oil 7); 34
(Dymax 628 VLV). The family set of parallel lines represents the iso-
values of sd(sim) obtained by simulation. Each experiment number is
indicated between brackets, the ’?’ mark to its right showing the exact
location of the experimental couple ð ~m; aÞ: The numerical comparison
between simulation and experiment can be found in Table 3, this map
of iso-values of sd can be used to estimate the damping time. For
example, experiment 30 (a = 2, 610, ~m ¼ 484Þ lies between the iso-
line 2 and the iso-line 3 (the measured value is 2.3)
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log10sd ¼ blog10 ~m 
b
b
log10aþ aþ
4b
b
ð47Þ
6.5 Over- and underdamping
Theoretically, a mechanical system governed by Eq. 1 is
underdamped if c2 - 4km \ 0. Since c is related to the
dimensional characteristic time sc by the relation c = 2m/
sc, the former condition for overdamping becomes
sc [
ﬃﬃﬃ
m
k
p
which can also expressed using the non-dimen-
sional damping time sd as sd [ 1. Experimentally, the last
column of Table 3 indicates a border between both
behaviors between 2 and 3 instead of 1.
7 Conclusions and future work
We showed that the coupled problem of liquid and chip
dynamics could be efficiently solved with a pseudo-spec-
tral method based on Chebyshev polynomials. The theo-
retical results were benchmarked using literature results,
and a thorough experimental validation was pursued. Some
discrepancies were, however, observed for low viscosity
configurations (i.e., low values of the non-dimensional
parameter a). These discrepancies are thought to be caused
by a too-short acquisition time of the position u(t) of the
chip, leading to a non-robust fitting and a characteristic
time with large scattering. Therefore, for various experi-
ments covering the experimental space a = 40–4,000 and
~m ¼ 4001; 000; the numerical proposed resolution and
the subsequent modeling have been proven reliable. From
the linear relation between a and ~m; we could propose a
mathematical formulation of the damping time.
Future experiments will try to fix the scattering problem
for low a experiments. Future work will consist in devel-
oping a full resolution of the liquid flow between the pad
and the chip, in order to determine the limits of the spectral
resolution. Finally, it could be interesting to develop two
new experimental setups: the first one would include a heat
source in order to work with actual solder pastes and the
second one would be downsized in order to tackle the
10100 lm scale.
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